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Abstract
In 1966, Gallai asked whether all longest paths in a connected graph have a nonempty
intersection. The answer to this question is not true in general and various counterex-
amples have been found. However, there is a positive solution to Gallai’s question
for many well-known classes of graphs such as split graphs, series parallel graphs, and
2K2-free graphs. Among all the graph classes that support Gallai’s question, almost
all of them were shown to be Hamiltonian under certain conditions. This observation
motivates us to investigate Gallai’s question in graphs that are “close” to Hamiltonicity
properties. Let {R,S} be a pair of connected graphs. In particular, in this paper,
we show that Gallai’s question is affirmative for all connected {R,S}-free graphs such
that every 2-connected {R,S}-free graph is Hamiltonian. These pairs {R,S} were
completely characterized in 1990s.
Keywords: longest path; forbidden pairs; Hamiltonian cycle
1 Introduction
All graphs considered in this paper are connected, undirected and simple. A path in a graph
is a longest path if there exist no other paths in the graph that are strictly longer. It is well
known that any two longest paths share a common vertex in any connected graph. In 1966,
Gallai asked whether all longest paths in a connected graph have a common vertex [9]. The
answer to this question is known to be negative and the first counterexample was given by
Walther on a graph with 25 vertices in [14]. The smallest graph answering Gallai’s question
negatively is a graph on 12 vertices, found by Walther and Voss in [15] and independently
by Zamfirescu in [16] (see Fig. 1). Brinkmann and Van Cleemput [2] proved that there is
no counterexample to Gallai’s question with less than 12 vertices.
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Fig. 1: Counterexample of Walther, Voss and Zamfirescu
Gallai’s question is true for many classes of graphs, such as split graphs [12], series-
parallel graphs [5], graphs with matching number at most 3 [4], 2K2-free graphs [10], etc.
Observe that all these graphs are either shown to be Hamiltonian under certain conditions
or have “strong” Hamiltonicity properties, i.e., they have many long paths and long cycles.
This observation motivates us to investigate Gallai’s question in graphs that are “close” to
have a Hamiltonian path or Hamiltonian cycle.
For a connected graph H , a graph G is said to be H-free if G does not contain H as an
induced subgraph. For a set of connected graphs H, G is said to be H-free if G is H-free for
every H ∈ H. Specifically, call H a forbidden pair if |H| = 2, and if H = {R, S}, we simply
write that G is (R, S)-free.
Let Pn denote a path of order n. For nonnegative integers k, ℓ and m, let Nk,ℓ,m be
a graph obtained from K3 and three vertex-disjoint paths Pk+1, Pℓ+1, Pm+1 by identifying
each of the vertices of the K3 with one endvertex of one of the paths. Let Z2 = N2,0,0, Z3 =
N3,0,0, B1,1 = N1,1,0, and B1,2 = N1,2,0.
Recently, Cerioli and Lima [3] showed that Gallai’s question is true for several classes of
graphs including chain graphs, P4-sparse graphs, starlike graphs, and (K1,3, P5)-free graphs.
In fact, (K1,3, P5) is one pair of the graphs whose exclusion forces a 2-connected graph to be
Hamiltonian. We call a graph traceable if it has a Hamiltonian path. In 1997, Faudree and
Gould [7] proved the following result.
Theorem 1 ([7]). Let R and S be connected graphs (R, S 6= P3) and let G be a connected
graph. Then G is (R, S)-free implies that G is traceable if and only if R = K1,3 and S is one
of the graphs C3, P4, Z1, B1,1 or N1,1,1.
For 2-connected graphs, Bedrossian in 1991 [1] obtained all the forbidden pairs for Hamil-
tonian cycles as below.
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Theorem 2 ([1]). Let R and S be connected graphs (R, S 6= P3) and G a 2-connected graph.
Then G is (R, S)-free implies that G is Hamiltonian if and only if R = K1,3 and S is one of
the graphs C3, P4, P5, P6, Z1, Z2, B1,1, B1,2 or N1,1,1.
The following result indicates that (K1,3, Z3) is an additional forbidden pair for Hamil-
tonian cycles if we consider graphs with large order.
Theorem 3 ([7]). Let R and S be connected graphs (R, S 6= P3) and G a 2-connected graph
of order n ≥ 10. Then G is (R, S)-free implies that G is Hamiltonian if and only if R = K1,3
and S is one of the graphs C3, P4, P5, P6, Z1, Z2, Z3, B1,1, B1,2 or N1,1,1 (See Fig. 2).
K1,3 C3
P6
Z3
N1,1,1
B1,2
Fig. 2: Forbidden pairs for Hamiltonian cycles
By Theorem 2, (K1,3, Z3) is the only forbidden pair that requires G to have order at least
10. In fact, Faudree and Gould [6] characterized all 2-connected (K1,3, Z3)-free graphs that
are not Hamiltonian, as listed below.
Theorem 4 ([6]). If G is a 2-connected (K1,3, Z3)-free graph, then G is either Hamiltonian
or isomorphic to H1 or H2 (see Fig. 3).
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Fig. 3: H1 and H2
Cerioli and Lima’s work [3] on showing that all longest paths have a common vertex in
every (K1,3, P5)-free graph leads us to wonder if Gallai’s question is true for graphs that
forbid a Hamiltonian forbidden pair (R, S) as given in Theorem 3. The answer turns out to
be positve and we obtain the following result.
Theorem 5. Let R = K1,3, S ∈ {C3, P4, P5, P6, Z1, Z2, Z3, B1,1, B1,2}, and G be a connected
(R, S)-free graph. Then there exists a vertex common to all the longest paths in G.
We end this section by introducing some notation and terminologies. Let G be a graph.
We use V (G) and E(G) to denote the vertex set and edge set of G, respectively. For two
vertices u, v ∈ V (G), we write u ∼ v if uv ∈ E(G) and u ≁ v otherwise. The set of
neighbors of u in G is denoted by NG(u) or N(u) if no confusion may arise. For any vertex
v ∈ V (G) and subset X ⊆ V (G), the set of neighbors of v in X is denoted by NX(v) and
dX(v) := |NX(v)|. Let X ⊆ V (G) be a vertex set, we use G[X ] to denote the subgraph
induced by X in G. A clique in a graph G is a subset of V (G) that are pairwise adjacent.
A block is a connected graph with no cutvertex, and a block of G is a maximal connected
subgraph of G that is itself a block. Let B be the set of blocks and C the set of cutvertices
of G. The block-cutvertex tree of a connected graph G has vertex set B ∪ C, and c ∈ C is
adjacent to B ∈ B if and only if the block B contains the cutvertex c.
A path P = v1v2 · · · vn in graph G is also called a v1vn-path. For any two vertices
vi, vj ∈ V (P ), i < j, we use viPvj to denote the segment of P starting at vi and ending at
vj , i.e., the subpath vivi+1 · · · vj . Let P be a uv-path and Q be an xy-path. If P and Q
share a common vertex w, then we use uPwQx to denote the concatenation of paths uPw
and wQx. For any two distinct vertices u and v in G, the distance between u and v in G,
denoted by d(u, v), is the length of a shortest uv-path in G. For any two disjoint subsets
X, Y ⊆ V (G), the distance d(X, Y ) := min{d(u, v) : u ∈ X, v ∈ Y }.
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2 Proof of Theorem 5
In this section, we prove Theorem 5. Our strategy is to first use the block-cutvertex tree of
G to restrict the possible intersecting vertices for all longest paths within a block of G, and
then apply the structural properties of the graph (properties implied by (R, S)-freeness) to
find a common vertex to all longest paths in G.
Proof of Theorem 5. Note that if H1 ⊆ H2, then G is H1-free implies that G is also H2-
free. Thus, to prove Theorem 5, it suffices to consider the connected (R, S)-free graph G
when (R, S) ∈ {(K1,3, P6), (K1,3, Z3), (K1,3, B1,2), (K1,3, N1,1,1)}. By Theorem 2, a connected
(K1,3, N1,1,1)-free graph is traceable, so every longest path contains all the vertices of G.
Therefore, all longest paths have a common intersection in a connected (K1,3, N1,1,1)-free
graph. Hence, we only need to consider three pairs: (R, S) = (K1,3, P6), (K1,3, Z3), or
(K1,3, B1,2). The proof when (R, S) = (K1,3, B1,2) is different from that for the other two
pairs, so we separate the remaining proof into two cases.
Case 1: (R, S) = (K1,3, B1,2).
For this case, we use a known result by Furuya and Tsuchiya [8] to reduce the problem to
a class of graphs called generalized comb. Thus, the problem regarding if all longest paths in
a connected (K1,3, B1,2)-free graph have a common intersection lies in showing that Gallai’s
question is true for generalized combs. We now give the definition of a generalized comb,
first introduced by Furuya and Tsuchiya [8].
A graph G is a generalized comb if it is obtained in the following way (see Fig. 4): Let
m ≥ 3 be an integer. Let Li(1 ≤ i ≤ m) and C be disjoint non-empty sets with |C| ≥ m,
and let Ri(1 ≤ i ≤ m) be disjoint non-empty subsets of C. We define the graph G on
∪
1≤i≤m
Li ∪ C such that
(i) Li(1 ≤ i ≤ m) and C are cliques of G, and
(ii) for each i(1 ≤ i ≤ m), every vertex in Li is joined to all vertices in Ri. Call C the
base of the generalized comb G.
L1 L2 Lm
R1 R2 Rm
+ + +· · ·
C
Fig. 4: Generalized Comb
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Furuya and Tsuchiya [8] showed that for a (K1,3, B1,2)-free graph G, the following hold.
(i) If G is connected, then G is traceable unless G is a generalized comb with at least
three cutvertices.
(ii) If G is 2-connected, then G is Hamiltonian.
As Gallai’s question is positive for traceable graphs, we can therefore assume that G is a
generalized comb with at least three cutvertices. By the construction of G, it is not hard to
argue that every longest path in G contains all vertices in the base of the generalized comb
G. Thus, all longest paths in G have a nonempty intersection.
Case 2: (R, S) = (K1,3, P6) or (R, S) = (K1,3, Z3).
Let B be the set of blocks and C the set of cutvertices of G. Let T be the block-cutvertex
tree of G and L be the set of all longest paths in G. For each longest path P ∈ L, define
the set
VP = {B ∈ B : V (P ) ∩ V (B) 6= ∅} ∪ {c ∈ C : c ∈ V (P )},
and let
TP = T [VP ].
Since P is a connected subgraph of G, TP is a connected subgraph of T . Thus, TP is a
subtree of T . For any two longest paths P and Q in L, since V (P ) ∩ V (Q) 6= ∅, we have
that V (TP ) ∩ V (TQ) 6= ∅. It is well known that a family of subtrees of a tree has Helly
property (Let F be a family of sets. We say that F has Helly property if and only if for
every nonempty subfamily H ⊆ F and for all sets X, Y ∈ H such that X ∩ Y 6= ∅, then
∩
X∈H
X 6= ∅. See problem 18 on page 49 of [13]), so there is a vertex B ∈ V (T ) such that
B ∈ ∩
P∈L
V (TP ). By the construction of T , B is either a cutvertex or a block of G. If B is
a cutvertex of G, then B is a common vertex of all longest paths in G. Thus, we assume
that B is a block. So B = K2 is an edge or is a 2-connected graph. If B = xy is an edge,
then B is a cutedge of G. We claim that either x or y is a common vertex of all longest
paths in G. Otherwise, there would be two longest paths P,Q ∈ L such that x ∈ V (P ) but
y 6∈ V (P ) and y ∈ V (Q) but x 6∈ V (Q). Since V (P ) ∩ V (Q) 6= ∅, there exists an xy-path
in P ∪ Q. This contradicts the fact that xy is a cutedge of G. Therefore, we assume that
B is a 2-connected subgraph of G. By Theorems 2 and 4, B has a Hamiltonian cycle or
Hamiltonian path. (The two graphs H1 and H2 in Theorem 4 have a Hamiltonian path by
inspections.)
Let P be the set of all longest paths of G that does not contain all vertices of B. We
may assume that P 6= ∅. For otherwise, we are done by noting that B has a Hamiltonian
path and every longest path contains all vertices of B. This assumption that P 6= ∅ implies
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also that B contains a cutvertex of G. For a path P ∈ P, let up be an endvertex of P that is
not contained in B, and let xp be the vertex of P that is closest to up on P . We call xpPup
a pendent segment of P on B. Clearly, xp is a cutvertex of G and V (xpPup)∩V (B) = {xp}.
The vertex xp is called an attachment of P on B.
Claim 1. The following statements hold.
(i) For every longest path P in G, |V (P )| ≥ |V (B)|; furthermore, |V (P )| ≥ |V (B)|+ 1 if
B is Hamiltonian.
(ii) For every P ∈ P, P has exactly two different pendent segments on B.
Proof of Claim 1. Since B has a Hamiltonian path, every longest path of G contains at
least |V (B)| vertices. When B is Hamiltonian, let C be a Hamiltonian cycle of B. For any
z ∈ V (B) such that z is a cutvertex of G, let z1 be a neighbor of z in G from V (G) \ V (B).
Let z∗ be a neighbor of z on C. Then z∗Czz1 is a path of G that contains |V (B)|+1 vertices.
This proves (i).
For (ii), note that every attachment of P on B is a cutvertex of G. If P has exactly one
pendent segment on B, then by the second part of the proof for (i) above, we know that
V (B) ⊆ V (P ), contradicting to the definition of P. Since P is a path and its attachment
on B is a cutvertex of G, P has exactly two different pendent segments on B.
For every P ∈ P, we use xp to denote an attachment of P on B, and let yp be a neighbor
of xp in G from V (G) \ V (B).
Claim 2. The following statements hold.
(i) For any vertex x ∈ V (B), dB(x) ≥ 2;
(ii) NB(xp) is a clique; and
(iii) NB(xp) ⊆ V (P ).
Proof of Claim 2. (i) is clear since B is 2-connected. (ii) follows from the fact that G is K1,3-
free and xp is a cutvertex ofG. For (iii), suppose that there exists a vertex zp ∈ NB(xp)\V (P ).
Let wp ∈ V (B) be the immediate successor of vertex xp on P . By (ii), zp ∼ wp, then replacing
the edge xpwp by xpzpwp gives a path in G that is longer than P . This gives a contradiction
to the assumption that P is a longest path in G.
We now separate the proof of Case 2 into two subcases.
Subcase 2.1 (R, S) = (K1,3, P6).
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Claim 3. Let P,Q ∈ P. Then NB(xp) ∩NB(xq) 6= ∅.
Proof of Claim 3. If xp ∼ xq or xp = xq, then Claim 2 implies that NB(xp) ∩ NB(xq) 6= ∅.
So we assume that xp ≁ xq and xp 6= xq. Suppose that NB(xp) ∩ NB(xq) = ∅. Then
d(xp, xq) ≥ 3. Let Q′ be a shortest xpxq-path in B. Then ypxpQ′xqyq contains an induced
P6 in G. This gives a contradiction to the assumption that G is P6-free. (See Fig. 5 for an
illustration of the P6.)
yp
xp xq
yq
Q′
B
Fig. 5: Illustration of Claim 3
Claim 4. ∩
P∈P
NB(xp) 6= ∅.
Proof of Claim 4. We prove by contradiction. Let ℓ be the smallest index such that there
exists ℓ paths, say P1, P2, · · · , Pℓ from P so that
∩
1≤i≤ℓ
NB(xpi) = ∅. (1)
By Claim 3, ℓ ≥ 3. By the choice of ℓ,
∩
1≤i≤ℓ−1
NB(xpi) 6= ∅, and ∩
2≤i≤ℓ
NB(xpi) 6= ∅.
Let
z1 ∈ ∩
1≤i≤ℓ−1
NB(xpi), and z2 ∈ ∩
2≤i≤ℓ
NB(xpi).
By the assumption in (1), we have that z1 6= z2.
We claim that xp1 ≁ z2, xpℓ ≁ z1, and xp1 ≁ xpℓ . If xp1 ∼ z2, i.e., z2 ∈ NB(xp1),
then z2 ∈ ∩
1≤i≤ℓ
NB(xpi), showing a contradiction to the choice of ℓ. Similarly, xpℓ ≁ z1. If
xp1 ∼ xpℓ , then xpℓ ∼ z1. This is because xp1 ∼ z1 and NB(xp1) is a clique by Claim 2 (ii).
Since z1 and z2 are both adjacent to xp2 , we have that z1 ∼ z2 by Claim 2 (ii). Then
yp1xp1z1z2xpℓypℓ is an induced P6 in G. This gives a contradiction to the P6-freeness assump-
tion of G. (See Fig. 6 for an illustration.)
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yp1
xp1
z1
xp2
z2
xpℓ−1
xpℓ
ypℓ· · ·
B
Fig. 6: Illustration of Claim 4
Since any longest path P with P 6∈ P contains all vertices of B, Claim 2 (iii) and Claim
4 imply that all longest paths in G have a nonempty intersection.
Subcase 2.2 (R, S) = (K1,3, Z3).
If B is isomorphic to H1, by Claim 2 (ii), we know that the attachments of any longest
path P ∈ P can only be chosen from {v3, v6, v8}. For any i 6= j, i, j ∈ {3, 6, 8}, every longest
vivj-path in B contains all vertices of B. By Claim 1, any P ∈ P has exactly two attachments
on B. It then follows that V (B) ⊆ V (P ) for any longest path P ∈ P, contradicting to the
choice of P. Therefore, B is not isomorphic to H1. Similarly, B is not isomorphic to H2.
Therefore, B has at least 10 vertices and thus is Hamiltonian by Theorem 3.
Claim 5. We may assume that for each longest path P ∈ P, P contains at least three vertices
outside of B, i. e., |V (P ) ∩ (V (G) \ V (B))| ≥ 3.
Proof of Claim 5. Recall that for every P ∈ P, P contains two different segments which
do not belong to B. Therefore, |V (P ) ∩ (V (G) \ V (B))| ≥ 2. Suppose that there exists
P ∈ P such that |V (P ) ∩ (V (G) \ V (B))| = 2. Then |V (P )| ≤ |V (B)| + 1, since P does
not contain all vertices of B by the definition of P. By Claim 1 (i), we then know that
|V (P )| = |V (B)|+ 1. Then P contains all except one vertex of B.
Let P ∈ P be a fixed path with an attachment xp. Let
P1 = {Q ∈ P : Q contains xp}, and P
2 = {Q ∈ P : Q does not contain xp}.
Note that NB(xp) is a clique of size at least 2 in B by Claim 2 (i) and (ii). Thus, for
each path Q ∈ P1, the fact that Q contains xp and misses exactly one vertex of B implies
that NB(xp) ⊆ V (Q). For any path Q ∈ P2, NB(xp) ⊆ V (Q) since Q contains all except one
vertex of B. Therefore, NB(xp) ⊆ ∩
P∈P
V (P ). This together with the fact that every longest
path P of G with P 6∈ P contains all vertices of B, we see that all longest paths in G have
a nonempty intersection. Therefore, we may assume that |V (P ) ∩ (V (G) \ V (B))| ≥ 3.
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By Claim 5, for each path P ∈ P, |V (P ) ∩ (V (G) \ V (B))| ≥ 3. Without loss of
generality, we assume that xp is an attachment of P such that the segment of P attached
with xp contains at least two vertices outside of B when P is considered in the following.
Claim 6. Let P,Q ∈ P. Then NB(xp) ∩NB(xq) 6= ∅.
Proof of Claim 6. If xp ∼ xq or xp = xq, then Claim 2 implies that NB(xp)∩NB(xq) 6= ∅. So
we assume that xp 6= xq and xp ≁ xq. Suppose that NB(xp) ∩NB(xq) = ∅. Let wp ∈ NB(xp)
and wq ∈ NB(xq) such that d(wp, wq) = d(NB(xp), NB(xq)) ≥ 1. Let zp ∈ NB(xp) with
zp 6= wp, and zq ∈ NB(xq) with zq 6= wq. By the assumption that NB(xp) ∩NB(xq) = ∅, we
know that
xp 6∼ wq, xq 6∼ wp.
Take Q′ be a shortest wpwq-path in B. We consider two subcases below according to the
length of Q′.
Subcase |V (Q′)| ≥ 3.
Let up be the neighbor of wp on Q′. Note that zp is adjacent to wp and possibly up
from Q′ but nothing else by the choice of wp. If zp ∼ up, then G[{zp, xq, yq} ∪ V (Q′)]
contains an induced Z3 in G., where zpwpup forms the triangle of the Z3. If zp 6∼ up, then
G[{zp, xp, xq}∪V (Q
′)] contains an induced Z3 in G, where zpxpwp forms the triangle. These
give a contradiction to the Z3-freeness assumption of G. (See Fig. 7 for an illustration.)
yp
xp
wp
zp
wq
zq
xq
yq
Q′ B
Fig. 7: Illustration of Claim 6
Subcase |V (Q′)| = 2, i.e., Q′ = wpwq.
If xp has at least two neighbors in V (G) \ V (B), say yp, vp, then G[{xp, yp, vp}] is a
triangle (otherwise, we find an induced K1,3 in G). Since xp ≁ xq, , xp ≁ wq, xq ≁ wp,
G[{xp, yp, vp, wp, wq, xq}] is an induced Z3 in G, a contradiction. Therefore, xp has exactly
one neighbor yp in V (G)\V (B). By the assumption on xp, yp has a neighbor vp ∈ V (G)\V (B)
and xp ≁ vp. If zq ≁ wp, then G[{xq, zq, wq, wp, xp, yp}] is an induced Z3 in G, a contradiction.
So zq ∼ wp, then G[{zq, wp, wq, xp, yp, vp}] is an induced Z3 in G, a contradiction.
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Claim 7. ∩
P∈P
NB(xp) 6= ∅.
Proof of Claim 7. We prove by contradiction. Let ℓ be the smallest index such that there
exist ℓ paths, say P1, P2, · · · , Pℓ from P so that
∩
1≤i≤ℓ
NB(xpi) = ∅. (2)
By Claim 3, ℓ ≥ 3. By the choice of ℓ,
∩
1≤i≤ℓ−1
NB(xpi) 6= ∅, and ∩
2≤i≤ℓ
NB(xpi) 6= ∅.
Let
z1 ∈ ∩
1≤i≤ℓ−1
NB(xpi), and z2 ∈ ∩
2≤i≤ℓ
NB(xpi).
By the assumption in (2), we have that z1 6= z2. Since z1 and z2 are both adjacent to xp2 ,
we have that z1 ∼ z2 by Claim 2 (ii).
If xp1 has at least two neighbors in V (G) \ V (B), say yp1, up1, then G[{xp1 , yp1, up1}]
is a triangle. Since xp1 ≁ z2, xpℓ ≁ z1, xp1 ≁ xpℓ , G[{xp1, yp1, up1, z1, z2, xpℓ ] is an induced
Z3 in G, a contradiction. Therefore, xp1 has exactly one neighbor yp1 in V (G) \ V (B).
By the assumption on xp, yp1 has a neighbor up1 ∈ V (G) \ V (B) and xp1 ≁ up1. Then
G[{xp2 , z1, z2, xp1, yp1, up1}] is an induced Z3 in G, a contradiction.
Since every longest path P with P 6∈ P contains all vertices of B, Claim 2 (iii) and Claim
7 imply that all longest paths in G have a nonempty intersection. This finishes the proof of
Subcase 2.2.
3 Conclusion and open problems
In this paper, we showed that Gallai’s question is true for connected (R, S)-free graphs,
where R = K1,3, and S ∈ {C3, P4, P5, P6, Z1, Z2, Z3, B1,1, B1,2}. It is natural to consider
whether Gallai’s question is positive for the superclasses of the above graphs, such as K1,3-
free graphs, C3-free graphs, P6-free graphs, etc.. It is still unknown whether every set of
three longest paths of a connected graph share a common vertex, and this is conjectured to
be true in [11]. We suspect the following questions might have a positive answer.
Problem 6. Do all longest paths have a nonempty intersection in a connected K1,3-free or
P5-free graph?
Problem 7. Does every set of three longest paths have a nonempty intersection in a con-
nected K1,3-free or P5-free graph?
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